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Abstract. We give a complete classification and present new exotic phenom- 
ena of the meromorphic structure of ^-functions associated to general self- 
adjoint extensions of Laplace-type operators over conic manifolds. Wo show 
that the meromorphic extensions of these f-functions have, in general, count- 
ably many logarithmic branch cuts on the nonpositive real axis and unusual 
locations of poles with arbitrarily large multiplicity. The corresponding heat 
kernel and resolvent trace expansions also exhibit exotic behaviors with log- 
arithmic terms of arbitrary positive and negative multiplicity. We also give 
a precise algebraic-combinatorial formula to compute the coefficients of the 
leading order terms of the singularities. 



1. Introduction 

In this paper we give a complete classification of the meromorphic structure of 
C-functions associated to conic manifolds; that is, general self-adjoint extensions 
of Laplace-type operators on conic manifolds introduced by Cheeger ^3 E| ■ In 
particular, we prove that such C-functions exhibit pathological meromorphic prop- 
erties. Before giving a synopsis of these pathological properties, recall that the 
C-function ^(s. A) of a Laplacian A over a smooth closed manifold has a meromor- 
phic extension to all of C with only simple poles at s = ^^^^^ ^ — Nq with n the 
dimension of the manifold and A: e No := {0, 1, 2, . . .} [SSIE1E2IMI- The situation 
is completely different for conic manifolds. We show that the C-function associated 
to a general self-adjoint extension of a Laplace-type operator on a conic manifold 
has, as a general rule (except for very special cases, e.g. the Friedrichs extension), in 
addition to the singularities at s = ^2-=-^ ^ — Nq for k € Nq, the following properties: 

(1) It can have countably many poles of arbitrarily high multiplicity at "unusual" 
locations on the negative real axis; that is, at points not of the form s — 

(2) It can have countably many logarithmic singularities at "unusual" locations. 

(3) The singularities va. (1) and (2) can occur for the same ^-function and at the 
same "unusual" locations. Moreover, we also give an elementary and explicit 
algebraic-combinatorial recipe to compute the exact locations and leading co- 
efficients of the "unusual" poles and logarithmic singularities. 

In fact, the explicit computation of these exotic singularities is so straightforward 
(see Section l?^ that for low dimensions we can find the structure of zeta functions 
quickly. We also remark that one can always conjure up artificial zeta functions 
having (1) and (2)^ but for natural (geometric) zeta functions, properties (1) and 
(2) seem to have no parallels in the differential geometry literature. 
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1.1. A simple example. Here is a surprising, and completely natural, example 
of a ^-function which has no meromorphic extension to all of C. We first review 
conic manifolds. Let M be an n-dimcnsional compact manifold with boundary T 
and let g be a smooth Riemannian metric on M \ T. We assume that near T there 
is a collared neighborhood 

U ^ [0,e)r X r, 

where £ > and the metric g is of product type dr^ + r^h with h a metric over 
r. Such a metric is called a conic metric and M is called a conic manifold, ideas 
introduced by Cheeger j^l (cf. (SU). Using a Liouville transformation over 
the collar Z// as in [S], we can identify L'^{M,dg) with L^{M,drdh) and the scalar 
Laplacian Ag can be identified with 

(1.1) Ag\^^^d^, + ^Ar, with Ar = Ar+ (i^)(l + i^), 

where Ar is the Laplacian over F. Notice that Ay > because the function 
x{l + x) has the minimum value —j (when x ~ ^^)- Let us now assume that 
71 = 2 so that 

Wu^-9r + ^Ar, with Ar = Ar-i. 

We remark that the term can be considered a "singular potential," and such 

Laplacians and their self-adjoint extensions have been studied by physicists since the 
70's minillllEHI- Note that Ar always has the eigenvalue 0. Let us assume that is 
the only eigenvalue (counting multiplicity) of Ar in the interval [0, 1); this is the case 
for the Euclidean Laplacian on a punctured region in M^, for in this case, Ar is just 
the Laplacian on the unit circle which has eigenvalues {k'^ \k S Z}. Then Ar has 
exactly one eigenvalue in the interval [— i, |), the eigenvalue — i, and (see Section 
Ag has many different self-adjoint extensions, each of which is parameterized 
by an angle 9 e [0, tt) (cf. 35, 25^). It turns out that = ^ corresponds to 
the so-called Friedrichs extension and any extension has a discrete spectrum 
|45j . Consider any one of the extensions, say Ag with 6 E [0,7r), and form the 
corresponding ^-function 

where the /x^-'s are the eigenvalues of Ag. The surprising fact is that the meromor- 
phic extension of every such ^-function corresponding to an angle 9 S [0, tt) except 
9 ~ ^ (the Friedrich's extension) has a logarithmic singularity at s = 0. More 
precisely, as a consequence of Theorem 12.41 for 6* 7^ ^ , we can write 

(1.2) as,Ag) = Crcg(s, A,) - 5^^e-2-logs , 

TT 

where k = log 2 — 7— tan 6* with 7 the Euler-Mascheroni constant and Cieg{s, Ag) has 
a meromorphic extension over C with the "regular" simple poles at the well-known 
values s = I — fc for S Nq- 

1.2. Operators on conic manifolds. Briining and Seeley's regular singular op- 
erators [S] generalize the example (|1.1|) of the Laplacian on a conic manifold as 
follows. Let M be an n-dimensional compact manifold with boundary F and we 
assume that near F there is a collared neighborhood U such that 

U ^ [0,e)r X F, 
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where e > and the metric of Af is of product type dr^ + h with h a metric 
over r. Let i5 be a Hermitian vector bundle over M and let A be a second order 
regular singular operator acting on C^{M \ T, E); this means that A is an elliptic 
symmetric nonncgativc second order differential operator such that the restriction 
oi A toU has the form 

(1.3) -a,' + ^Ar, 

where Ar is a Laplace-type operator over F with Ar > (The condition Ar > 
— ^ is necessary otherwise A is not bounded below |S1IH1-) Laplacians on forms and 
squares of Dirac operators on conic manifolds [51 1101 [1^1131 1361 El I50| are examples 
of second order regular singular operators. We can also deal with the case when M 
has boundary components up to which A is smooth; at such components, put local 
boundary conditions. 

As shown by Mooers in |55l Prop. 2.4] (cf. Gil and Mcndoza the self-adjoint 
extensions of A are parameterized by Lagrangian subspaces in the eigenspaces of 
Ar with eigenvalues in the interval [— i, |). To describe these extensions, denote 
by ^ 

-T = Al = A2 = • • • = Ago < Xqo + l < Xqo+2 < ' ' ' < Xq^+qi 
4 V ^ ■■ V „ ' 

— 4 -4<-^*<4 

the spectrum of Ar in [— i, |) and by {(f>e} the associated eigenvectors, and define 
V 9i ^ Ei®Ei^C^'^ with := span{0£} and q ^ qo + qi; 

see Section|31for a more precise description of V. We can endow V with a symplectic 
structure as described in Section O Then the self-adjoint extensions of A are in a 
one-to-one correspondence to the Lagrangian subspaces in V. Given a Lagrangian 
subspace L in y, we denote by A^ the self-adjoint extension corresponding to L. 

One of the natural questions for a given self-adjoint extension A^ is whether the 
C-function of A^, C(s, A^), would have a meromorphic extension over C and if so, 
what the pole structure is. Here the C- function of A/, is defined by 

(1-4) c(«'^^)=E^ 

for 3? s ^ where iJ,j 's are the eigenvalues of A^, . The C- function has been studied 
in many papers for the Friedrich's extension or with the condition Ar > |, which 
implies that A is essentially self-adjoint 11 01311 [III E [HI 1221123 El ESEOl ESI- 
For scalable extensions (extensions for which the domain is invariant under r '—^ cr) , 
the function has been studied in ^Sj. There are no "unusual" phenomena with 
these cases. Finally, for arbitrary self-adjoint extensions with Ar > —j, the C- 
function has been studied by Falomir, Muschietti and Pisani ^\ (see also [T^l^ l 
for one-dimensional Laplace-type operators over [0, 1] and by Mooers [^5] who was 
the first to study the general case of operators over manifolds and who noticed the 
presence of "unusual" poles. However, the works ^1 [55] only imply the existence 
of simple "unusual" poles and do not imply the existence of poles of arbitrary order 
nor of logarithmic singularities of the ^-function. 

We now outline this paper. We begin in Section [3 by giving the statement of 
our main result. Theorem 12. II and we also illustrate the ease of applying the main 
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result by giving examples; in particular, we re-derive the main result of |19j and 
we show that poles of arbitrary order and countably many logarithmic singularities 
show up even for simple situations. We also show how our theorem simplifies when 
we make assumptions on the self-adjoint extensions and we present corresponding 
resolvent and heat kernel expansions. Mooers j55j description of self-adjoint exten- 
sions as Lagrangian subspaces plays a key role in the proof of our main result and 
because of this reason, in Section 13 we briefly review this important topic. The 
main technical task of the proof of our main theorem is the explicit form of the 
parametrix of the resolvent of near the boundary. This is handled by solving 
model problems explicitly over a finite interval employing Theorem 16.11 which is 
a new representation of the resolvent in terms of an implicit eigenvalue equation, 
and the contour integration method 1871 OHl • The presentation and details of 
the solutions of the model problems are given in Sections 01 El and The results 
for the model problems and a parametix construction then enable us to prove all 
the theorems listed in Section |2 below. This is described in Section (71 



2. Statement and examples of results 

2.1. Statement of main result. Fix a Lagrangian L C V and hence a self-adjoint 
extension of A (we use the notation from Section IL^ . In Section Owe show 
that L can be described hy q x q matrices A and B having the property that the 
rank of the q x 2q matrix (^A S) is q and A' B* is self-adjoint where A' is the 
matrix A with the first qo columns multiplied by —1 (conversely, any such A and 
B define a Lagrangian). Before stating the main result which describes the exact 
structure of ({s, A^), we apply a straightforward three-step algorithm to A and B 
that we need for the statement. 

Step 1: First, we define the function 



(2.1) 



A 



B \ 


















det 













Id, 



























I 










/ 



where Id^ denotes the k x k identity matrix and where 

.2.,r(i 



T, = 2^ 



r(i-i.,)' 

For specific A and B, p{x,y) is explicitly computable "by hand"; we shall give 
some examples in Subsection 12.21 Expanding the determinant using one's favorite 
method, we can write p{x, y) "polynomial" 



and the a,v,'s are constants. 



where the a's are linear combinations of vi, . . . 
Let QfQ be the smallest of all a's with aja ^ and let jo be the smallest of all j's 
amongst the ajag ^ 0. Then factoring out the term ajgao X''" y^"" in p{x, y) we can 
write p{x, y) in the form 

(2.2) p[x,y)^aj,^„x'^^y^-^«{l 

for some constants bkp (equal to aka/cLjoao)- 
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Step 2: Second, using the power series log(l + z) ~ X^fcLi — with z = 
^ bki3 y^^ for a sufficiently small |z|, we can write 

(2.3) log {l + Y, b,,x^y^'') = 

for some constants q^. We emphasize that for specific A and all the coefficients 
Cf,^ are explicitly computable "by hand" when q is small (see the examples in Sub- 
section lT^ and easily with a computer for q large. With a little thought, one can 
see that the ^'s appearing in H2.3|l are nonnegative, countable and approach +00 
unless /3 = is the only (3 occurring in (|2.3() . in which case = occurs in H2.3|l . 
Also the ^'s with ci^ ^ for a fixed ^ are bounded below. 
Step 3: Third, for each ^ appearing in (|2.3(l . define 

(2.4) P5 := min{£ < I ^ 0} and £^ := min{£ > | ^ 0}, 

when these numbers are actually defined, that is, whenever the sets < | 7^ 0} 
and > I 7^ 0}, respectively, are nonempty. We now define 

(2.5) ^ := I Pi is defined} and k is defined}. 
The following theorem is our main result. 

Theorem 2.1. Let L d V be an arbitrary Lagrangian subspace of V and define 
and ^ as in (|2.5|l from the matrices A and B defining L. Then the (^-function 
C(s, Ai) extends from 5Rs > ^ to a holomorphic function on C\ (—00, 0]. Moreover, 
C(s, Ai) can be written in the form 

C(s, Al) = Crcg(s, Al) + Csing(s, Al), 

where (^i-cg(s, Al) has possible "regular" poles at the "usual" locations s = ^^^^ ^ 
—No for fc e No and at s ^ i/dimF > 0, and where Csing(s, Al) has the following 
expansion: 

(2-6) C.ng(., A.) - ^{(.0 - ,o)e--<'--'^) log. + 5: (^^1^ 

+ .9«(s)log(s + e) 
where jo appears in (fT^ and f^{s) and g^{s) are entire functions of s such that 

/a-0 = (-i)i''^i+^c,,,^M 



ana near s 




{eo-iy. 

ckiTFpkYi'+o''-' + o{{s + o'^) if e>o. 

Remark 2.2. The zeta function Ci.og(s, Al) will only have possible poles at s = 
^^^Y^ ^ —No in the case that F is the only boundary component of M and the residue 
of Creg(s,AL) at s = is given by ReSs=oCreg(s, Al) = -iRes^^_ i C(s, ^r); in 
particular, this vanishes if C(s, Ar) is in fact analytic at s = Later in Theorems 
12.51 and 12.71 we shall present corresponding resolvent and heat kernel expansions. 
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In general, I£ may contain the origin, so that the logarithm part, which has the 
branch cut at s = 0, is given by 

^^(Oo - 9o)e-^-'('°^^-^) + 50(5)) logs 

where 5o(s) depends on A^B. Also, it is easy to check that when there are no 
eigenvalues, then there are no logarithmic singularities and the "unusual" poles 
occur with multiplicity at most one. Finally, the expansion (|2.6|) means that for 
any iV e N, 

sin(7rs) r „ ^„-2^(log2-7)l„„.. , 



(s + ^)|pd+i 
+ 5c(5)log(.'* + 0|+^Jv(s), 

where Fn{s) is holomorphic for SRs > —N. 

2.2. Examples. Via examples we show the ease and efficiency at which Theorem 
l2.1l computes the exact meromorphic structure of Csing(s, ^l) (note that Crcg(s, ^l) 
is "uninteresting," which is why we focus on ^sing(s, A^,)). 

Example 1. (Taken from JHI-) The paper by Falomir et al. ^\ (along with 
Mooers' |55| ) is in many ways the inspiration for our paper and is the very first 
paper to find explicit formulas for the "unusual" poles of Laplacians; cf. [20] for the 
infinite interval and (iHI for squares of 2 x 2 systems. studies the operator 

1 

A = — -^ + ^X over [0, 1] 

with — I < A < |. In this case, V ~ C"^, therefore Lagrangians L C are 
determined by 1 x 1 matrices (numbers) A = a and B = (3. Fix such an (a, /?); we 
shall determine the strange singularity structure of C(s,Ai). Let us assume that 
— i < A < I so there are no — |; eigenvalues (we will come back to the A = — | in 

a moment). Then with v := ^^ \ + j and t 2^'^ r(i~i^) ' 

p{x,y) := det (^^y2^ 2) ='^- P'^v'^'' = "(l - -^V^ 

where we assume that Q!,/3 7^ (the a = or = cases can be handled easily), 
and we write p{x,y) as in H2.2|l . Forming the power series (|2.3(l . we see that 



k=l k=l 



where Co,j/fc = —^(^-77^ ■ Using the definitions (|2.4|l and H2.5|l for p^, i^, , and 
.if, we immediately see that 1^,-^ never exists so ^ 0, while 

p^k = min{£ < I ^ 0} , ^ = {1/ fc | /c e N}. 
Therefore, by Theorem 12. II 

sin(7r.s) /^(s) 



Csing(s, Al) = > 

TT ' ' 



s ^ vk 
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k 

with /fc(s) an entire function of s such that fk{—vk) = '^(^J • In particular, 
Csing(s7 ^l) has possible poles at each s = —vk with the residue equal to 

sin(7r(— i^fc)) (Tj3\^ i^sin(7rz/A:) /r/Jx*-' 



RcS5=_,,fcCsing(s, Al) = v[ — 

TT \ a. 



a / TT \ a 



which is the main result of (see equation (7.11) of loc. cit.). 



Assume now that A = — i. In this case, 



p{x, y) := det ^ ^ = a — p x = a(^l — —x 

where we assume that a,(3 ^ (the a ~ or (3 ~ cases can be handled easily), 
and we write p{x,y) as in H2.2|l . Forming the power series (|2.3|l . we see that 



Using the definitions H2.4|l and (|2.5|l for p^, £^ (there is only one in the present 
situation, ^ = 0), and wc immediately see that pg never exists so ^ = 0, 
while 

4 niin{£ > I C£,o 0} = 1 , if = {0}. 
Therefore, by Theorem l2.1l 



^^(-e-^^('°«^--)log. + 5o(.)log. 



Csmg(s, Ai) 

go{s) is an entire function of s such that go{s) = 0{s). Hence C,{s,Al) has a 
genuine logarithmic singularity at s = 0. This corrects unfortunate errors from 
the beautiful paper ^U] (and [HSDj which states that C(s,A^) has the "usual" 
meromorphic structure.^ When /? = 0, one can easily see that wc still have a 
logarithmic singularity at s = 0, and when a = 0, one can easily check that there is 
only the "regular" part Creg('Sj A^) and no "singular" part; in fact, the case a = 
corresponds to the Friedrichs extension (see |S]); thus we can sec that C(s, Al) has 
a logarithmic singularity for all extensions except the Friedrichs. 

Example 2. (The Laplacian on M^) If A is the Laplacian on a compact region in 
M^, then as we saw before in Section [TTTl Ar has a — i eigenvalue of multiplicity 
one and no eigenvalues in (— f )• Therefore, the exact same argument we used 
in the A = —j case of the previous example shows that ({s, Al) has a logarithmic 
singularity for all extensions except the Friedrichs. 

Example 3. Consider now the case of a regular singular operator A over a compact 
manifold and suppose that Ar has two eigenvalues in [— ^, |), the eigenvalue —j 
and another eigenvalue — ^ < A < |, both of multiplicity one. In this case, V = C^, 
therefore Lagrangians L C are determined by 2 x 2 matrices A and B. Consider 
the specific examples 

A=(\ J] , B = ld. 



^The error in lljjl occurs in equation (A13) where certain antidcrivativcs (specifically, xNi{x) 
and x'^ Ni{x)^) were accidentally set equal to zero at a; = 0. 
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Then with v:= ^\+\ and t := 2^'^ p[^+^] , wc have 
p{x,y) := det 



/ 1 1 0\ 

-10 1 



X 10 



1 + r a; y 



2i/ 



yO ry^- 1/ 
Forming the power series (|2.3|l . we see that 



k=l 



k=l 



where Ck,uk = (—1)'^ Using the definitions (j2.4|l and (|2.5() for pj, i^, 



I k 

J^, we immediately see that p^k never exists so ^ = 0, while 

Cfc = min{^ > I ct,^k 7^ 0} = fc , ^ = {/y/j I fc G N}. 
Therefore, by Theorem l2.1l 
sinfTTs) 



and 



Csi„g(s, Al) 



-2s(log2-7) 



log s + ^ gk{s) log(s + jz/c) 



fc=i 



with gfe(s) an entire function of s such that near s — —vk, 



9kis) = (-1)* 



t'=2'=i/ 



(fc-1)! 

In particular, Csing(s, A^) has countahly many logarithmic singularities! 
Example 4. With the same situation as considered in Example consider 



A 



-1 1 






1 -1 



Then with v := \ l \ + j and t 2^'' p|i[^^j , we have 



p{x,y) := det 



/-I 1 \ 

1-1 

X 10 

\ Ty^" 1 / 

Forming the power series ()2.3|l . we see that 

- (-1)^-1 



log(l-rx-i2/2-) =5^- 



k=l 



X — T y = xil — T X y 



-1 21^ 

Tx y 



k=l 



where C-k.uk = ^j-- Using the definitions (|2.4() and (|2.5|l for p^, i^, and 
we immediately see that £^k never exists so ^ = 0, while 

p^k = min{€ < I c_f,^fc 7^ 0} = -fc , ^^{iyk\keN}. 

Therefore, by Theorem 12. II 

sin(7rs) fk{s) 



Csing(s, Al) = 



with /fc(s) an entire function of s such that z^fc) = (— 1) ^^fc'^ . In particular 
Csing(s, A/^) has poles of arbitrarily large order! 
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Example 5. Consider one last example, the case of a regular singular operator A 
over a compact manifold such that has three eigenvalues in [— |), the eigen- 
value — J with multiplicity two and another eigenvalue — |; < A < | of multiplicity 
one. In this case, V = and Lagrangians L C are determined by 3 x 3 matrices 
A and B. Consider the specific examples 

/o 1 -l^ 

A = [l I , 6 = Id. 

VI 



Then with := \/ X + j and t 



p{x,y) := dct 



22-£(l±g, we have 



/o 


1 


-1 


1 







1 











1 





1 














1 


X 








1 











X 








1 





Vo 













V 


—X - 


^ ry 


2u _ 


Tx"^ 







(x-x-^yy'^" 



Forming the power series (|2.3|) . we see that 



(2.7) log 1 



{x-x'^)rv^^ 



(-1) 



oo k 

EE 

k=l j=0 



E 

k=l 



i-iy-\ 



k~l 



-T [X — X 



2j-k 2v 



X- v^'^E^^. 

l,k 



.kx'y'^^ 



where for each fc, t runs from — fc to fc. Using the definitions (|2.4|) and (|2.5|) for p^, 
1?^, and we immediately see that 

p^fe = min{^ < I ci^yk 7^ 0} = -fc. 



l^k = niin{£ > | ct^^k ^ 0} 



1 if fc is odd, 

2 if fc is even, 
and ^ = .if = {i^ fc I fc e N}. Therefore, by Theorem O 



(2.8) C.ing(s,Ai)- 



sin(7rs) 



_ g-2s(log2-7: 



log s + Y^ 



fk{s) 



^-^^ (s + vkY+^ 

oo 

+ Ygkis)\og{s + lyk) 



k=l 



where fk{s) and gk{s) are entire functions of s such that Jk{-~vk) — 
and 



gk{s) =2y{-l) 



m+1 ^fc 



fc 

m + 1 



1 + 0{{s + i/fc)) if fc = 2m + 1 is odd, 

2(s + i^fc) + 0{{s + i/fc)2) if fc = 2m is even. 



In particular, Csing(s, A^) has poles of arbitrarily high orders and in addition to a 
logarithmic singularity at the origin, countably many logarithmic singularities at 
the same locations of the poles! 



10 



KLAUS KIRSTEN, PAUL LOYA, AND JINSUNG PARK 



2.3. Special Lagrangian subspaces. Theorem 12 . II simplifies considerably when 
the conditions given by the Lagrangian L over — ^ eigenspaces are separated from 
the conditions over A eigenspaces with A in (— |, |). We shall call a Lagrangian 
subspace L <Z V decomposable if i = Lq ® Li where Lq is an arbitrary La- 
grangian subspace of Ei © and Li is an arbitrary Lagrangian subspace 
oi ^_i^-^^^3 Ei (B Ei. As described in Proposition the Lagrangian subspace 
Lq is determined by two x go matrices Aq., Bq where go = dimLoi that is, the 
multiplicity of the eigenvalues A^ = Similarly, the Lagrangian subspace Li 
is determined by two qi x qi matrices Ai, Bi where qi = diniLi, that is, the 
multiplicity of the eigenvalues X( with — ^ < A^ < | . 

Two polynomials which are explicitly determined by the matrices Aq^Bq and 
Ai,Bi play peculiar roles in the statement of our result. First, consider the poly- 
nomial po{z) in the single variable z defined by 



(2.9) pa{z) := det 



'Ao Bo 
Jdqo (log2-7-^;)Id,o, 
Using the definition of determinant, it is easy to see that po{z) is a polynomial of 
degree at most go in ^- Since the degree of Po(z) is one less than the degree ofpQ{z), 
we can write 

(2.10) ^ = g ^ , p,eC, 

where the series on the right is absolutely convergent for \z\ sufficiently large. Sec- 
ond, consider the polynomial in 1)2.11) (and 12.2() 'l using Ai and Bi in place of A 
and B : 

Ax BA 



(2.11) pi(y):=det 



















I 





'qi y 



Id,, 



where the /3's are positive. Then as in 1)2. write 

(2.12) \og{l + Y,bpy'f')=Y^c,y^^, 
and let ^ := I 7^ 0}. Then Theorem O simplifies to 

Theorem 2.3. For an arbitrary decomposable Lagrangian L <Z V , the (-function 
(^(s,Ai) has the following form: 

(2.13) C(S, Ai) = Crcg(s, Ai) -f Csing(s, Ai), 

where (^i-og(s, Ai) has the "regular" poles at the "usual" locations s ~ ^^^^ ^ — Nq 
for k € No and at s = i/dimF > 0, and where (^sing(s,Ai) has the following 
expansion: 

/„ ,x , / A N siii(7rs) , , sin(7rs)v-^ ff(s) 

2.14 Cing S,Ai = logs + -^-^Y.^ 

where f{s) is the entire function defined explicitly by f{s) — X^fcLi Pk ^ {k-iy. ' '^'^'^ 
the f^{s) 's are entire functions of s such that 
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For certain types of Lagrangians, the formula for /(s) becomes very simple. We 
shall call the Lagrangian Lq split-type if it can be written as Le with Li a 

Lagrangian subspace of EiO Ei. As explained in Proposition 13 . 71 each component 
Le of Lq is determined by an angle 9i S [0, it). Moreover, in this case, the coefficients 
(3k in (|2.1U|) are given by (as follows from Corollary 15. 4|l 

(2.15) /3fe=:^K^-i, A: = 1,2,3,4,.... (for split-type Lq) 

where ki = log 2 — 7 — tan 6i with 9e the angle defining Lg in Lq and 7 is the 
Euler-Mascheroni constant. Then when Lq is of split-type, we have 

Theorem 2.4. For a decomposable Lagrangian L <zV such that Lq is of split-type, 
Cis^^L) has the form as in (|TT^ with f{s) = Ee.^f g-^^^^ in ^J^. 

Example 6. Consider the case when Ap has exactly one eigenvalue in [— |), the 
eigenvalue — i. Then Theorem 12 . 41 shows the result stated in (|1.2|l . 

2.4. Unusual resolvent and heat kernel expansions. Besides establishing ex- 
otic ^-expansions, we also derive equally exotic resolvent and heat kernel expansions. 

Theorem 2.5. Let A C C fee any sector (solid angle) not intersecting the positive 
real axis and choose N € N with iV > ^. Then for an arbitrary Lagrangian L, as 
|A| — > 00 with A S A we have 

00 

(2.16) Tr(Ai - X)-""-' ^ E "'^ (-A)^"^"! + h (-A)-^-i log(-A) 

N\ d\N \ (-A)(log(-A) - 27) 



1 d^+i 
N\ dX^+ 



-|E2'q^ (-A)-«(27-log(-A) 



where the and b coefficients are independent of L, the ce^ 's are the coefficients 
in ()2.3(l . and 7 = log 2 — 7. 

From the explicit formula (|2.1()|) and from the binomial theorem for £ > 0: 
(2.17) (27 - log(-A)) ' = i- log(-A))-^ (1 - 



(-log(-A))-^E 
j=o 



-A (-27)-'" 



J ;(iog(-A))j' 



it is obvious that when Aj^ has —j eigenvalues, the resolvent trace expansion 
has, in general, log(— A) terms of arbitrarily high multiplicity and inverse pow- 
ers (log(— A))~^ with infinite multiplicity! This phenomenon is new and even for 
pseudodifferential operators on compact manifolds, with or without boundary, and 
even conic, "regular" (not inverse powers of) log(— A) terms occur with at most 
multiplicity two |23l2niEll2niinnillHllini- see ISnmSlEni for studies of resolvents 
for closed extensions of general cone operators in the sense of Schulze Here is 
a concrete example illustrating this discussion: 
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Example 7. For the self-adjoint extension Al considered in Example from the 
explicit formula p. 7(1 . we immediately get 

oo 

Tr(A^ - A)-^-i ^ ^ a, (_A)^-^-i + b (-A)-^-i log(-A) 

1 ( 1 



TV! dX^ [(-A)(log(-A)-27) 

k=l 3=0 



m dA^+i 




In this very simple example, we see unusual powers (— A)"^'''^"^""'^ (after taking 
+ 1 derivatives) and log terms log(— A) of arbitrarily high multiplicity (each 
unusual power (— A)"^'^''^^^^ with a log term of highest power (log(— A))'^), and 
inverse powers (log(— A))^^ with infinite multiplicity because of the formula l(2.17|l . 

When L is decomposable, the last two terms in (|2.16ll can be made very explicit. 

Theorem 2.6. Let A C C &e any sector (solid angle) not intersecting the positive 
real axis and choose N Cz N with N > j. Then for an arbitrary decomposable 
Lagrangian L, as |A| —> (30 with X G A we have 

(2.18) 

Tr(AL - A)-^"i ^ _ 

k=0 

..1 (M-A))^/' 

where the ak and b coefficients are independent of L, the (3k 's are the coefficients 
in (|2.1()() , and the c^ 's are the coefficients in ((2.12(1 . 

In the case when Lq is of split-type, the second-to-last term in 1(2.18(1 can be 
made even more explicit because of the formula 1(2.15(1 for We also prove a 
corresponding heat kernel expansion. 

Theorem 2.7. For an arbitrary Lagrangian L, the heat kernel e~*^^ has the 
following trace expansion as t ^ 0: 

oo oo 

Tr(e-*^-) ^ ^Sfet"^ +61ogt + ^6fe(logt)-i-'^ 

+ E E c^ktH^ogt)'' + T.T.diktHiogtr'^-\ 

i^9> k=0 ieSf k=0 

with cio = and c^dp^i+i) = for ^ ^ Nq. 

Thus, the heat trace expansion, in general, has powers of logt with finite mul- 
tiplicity and inverse powers (logt)~^ with infinite multiplicity. The c^k and d^k 
coefficients can be expressed in terms of the coefficients in the resolvent expansion 
((2.16(1 but not so explicitly. For decomposable Lagrangians we have 
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Theorem 2.8. For an arbitrary decomposable Lagrangian L, the heat kernel e 
has the following trace expansion as t 0: 

oo oo 

fc=o 4ei? k=i 



3. HeRMITIAN SYMPLECTIC formalism of SELF-ADJOINT EXTENSIONS 

To orient the reader to the various terminologies used throughout this paper, in 
this section we briefly review the classical theory of the Herniitian forms character- 
ization of self-adjoint extensions. For more on this viewpoint, see |32l 133) and see 
|17| for applications of self-adjoint extensions to quantum physics. 

3.1. The maximal domain. An elegant observation due to Gelfand around 1971 
(according to Novikov [SSJ p. 1]) to analyze self-adjoint extensions of A is to find 
"maximal" domains J) C dommax(A) that make the Hermitian quadratic form 

(A0,^) - (0,AV'), 

vanish. The use of Hermitian forms as a tool to analyze self-adjoint extensions of 
(one-dimensional) regular singular operators goes back at least to Kochubei in the 
late 70's ^ (cf. BOIIIT]) and Pavlov ^ in the late 80's. Mooers ^ (cf. [111112 
I5U] , and Gil and Mendoza for general cone operators) used this technique to give 
a complete description of the self-adjoint extensions of the regular singular operator 
A in terms of Lagrangian subspaces in the eigenspaces of A-p with eigenvalues in 
the interval [— i, |). To describe these extensions, we first describe domniax(A). 
Recall that A\u ~ —d^ + -^Ar (see (|1.3|l '). where U = [0, e)r x T denotes a tubular 
neighborhood of V and is a Laplace- type operator over T such that Ay > —\- 
Recall that 

-7 = Ai = A2 = • • • = Ago < Aqo+i < \a+2 < ■ ■ ■ < \o+qi 

— 4 -4<Af<j 

denotes the eigenvalues of in [—-j, f ) with corresponding orthonormal eigenvec- 
tors {(/)£}. Then, as shown by Cheeger |11[I12| (cf. Mooers [S3), we have 

Proposition 3.1. A section cj) G L'^{M,E) is in 

dom„,ax(A) {0 e L\M,E) \ Acj} € L''{M,E)} , 

where "A(j> € L'^{M,E)" is in the distributional sense, if and only if (f> is in 
away from the boundary F, and near F we can write 

go 

(3.1) |c+(0) r^0f + c7(0) r5 logr./)^} 

e=i 

where the c^{(f)) 's are constants, vi y ^qa+e + j > 0, (f> E and (p = 0{ri). 
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3.2. Self-adjoint extensions. Given a domain 5? C dommax(A), we say that 

As := A : D ^ L^{M,E) 

is self- adjoint if 

{^P € dom,„ax(A) I (A0, V) = (<^, A^) for all e S)} = 2). 

Simply put: A is "maximally" symmetric on X) in the sense that A is symmetric 
on S and adding any elements to J) will destroy this symmetry. In this sense, S) is 
a "maximal" domain that makes the Hermitian form (Ai/), ijj) — (0, Aijj) vanish. 
Now, an integration by parts argument (see I^SI Prop. 2.4]) shows that 

90 

(3.2) (A<^,^)-(0,A^.) =-^c+(^)c7(V')-c7(0)c+(^)) 

q 

+ (^cj{4>)cj{ip) - c7(0)c|(-0)^ , for aU 4>,Tjj e dominax(A). 

To put this in a symplectic framework, we define "0^ := ri~^'^''(p£ for < i^e < 1, 
and 

ir^^^icfj^ for Q <vi<l, 
I r5 \ogr (pi for i^c = 0, 



and define 



y := E+ © i?7 

where Ef {ipf ) with {ipf) :~ span^lV'^'}- We endow V with the symplectic 
structure oj -.V y-V ^ €. defined by 

(3.3) = \ '^J^™ '^^ ^ uj{ip^,ipf) = otherwise, 

I ±1 when 7^ 0; 

and extending to x linearly in the first factor and conjugate linearly in the 
second factor. Then according to (|3.1() and H3.2() . we have (cf. |55l Prop. 2.4]): 

Lemma 3.2. lu : V x V C is a Hermitian symplectic form and for any 4>,^ € 
domniax(A), we have 

(A0,V')-(0,AV')=c^(<?>) 
where := {'^ti'^)'^t ^~ c7(0)V'7} ^ ^ ^'^^ defined similarly. 
A subspacc L C ^ is called Lagrangian if 

e I w(z;, w) = for aU z; e L} = L. 

We can now prove: 

Theorem 3.3. Self-adjoint extensions of IS. are in one-to-one correspondence with 
Lagrangian subspaces of V in the sense that given any Lagrangian suhspace L <ZV , 
defining 

domL(A) := {0 e dom,„ax(A) | e L}, 

the operator 

Al := A : domi,(A) ^ L'^{M, E) 
is self-adjoint and any self-adjoint extension of A is of the form A^ for some 
Lagrangian L C V. 
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Proof. By Lemma 13.21 we can write this as: A© is self-adjoint if and only if 

(3.4) uj{(f, t/^) = for all e D ^ V e 2). 

Suppose that is self-adjoint and define L := {(j) G V \ (j) £ S)}; we shall prove 
that L is Lagrangian. Let w G L and choose ip G 'D such that i/j = w. Then by 
(|3.4() . uj{(j),w) = for all G S. Therefore, lo{v,w) = for all v G L. Conversely, 
let w € y and assume that uj{v, w) = for all v G L. Choose ip € domjnax(A) such 
that — w] this can always be done, for if w = ^ {'^t^t ~^ '^1^7}^ then 

(3.5) i^:=p(J2{4^i + ^I^7}) 

will do, where p E C°°{M) is supported in the tubular neighborhood U and equals 
1 near r = 0. Then uj{v, w) — for all v G L implies that LLj{(f>, ip) = for all 4> E D, 
which by H3.4() . implies that ip E D, which further implies that w — ip E L. 

Now let L C be Lagrangian; we shall prove that A^ is self-adjoint, that is, 
(|3.4() holds. Let ip E domL(A). Then, since L is Lagrangian, we automatically have 
uj{(j),'ip) = for all (j) € domi(A). Conversely, let E dommax(A) and assume that 
oj{(j), ip) = Q for all (p E domL(A). By the construction 1)3. 5|l . given any v E L we can 
find a.(p E domi„ax(A) such that (p ^ v. Therefore, uj{(p, ip) = for all (p E domi(A) 
implies that uj{v,ip) = for all v E L, which by the Lagrangian condition on L, 
implies that ip E L. This shows that ijj E domL(A) and our proof is complete. □ 

3.3. Characterizations of Lagrangian subspaces. Kostrykin and Schrader [421 
Lem. 2.2] characterize all Lagrangian subspaces in complex Euclidean space. 

Proposition 3.4. A subset L C C^'^ is Lagrangian (with respect to the standard 
Euclidean symplectic form) if and only if it can be described by a system of equations 

L^{ceC^''\{A 6)c = 0}cC2^ 

where A and B are kxk matrices such that the rank of [A B) is k and AB* = BA* . 

As seen in V can be identified with C^^ = C^^o x C^^S where q^qo + qi, 

with minus the standard symplectic form on the C^"^" factor and the standard 
symplectic form on the C^'^^ factor. Using this fact, we prove 

Corollary 3.5. A Lagrangian subspace L C V can be characterized by qxq matrices 
A and B via 

L = {c E C'^'^ \ {A S)c = 0}cC2'?, 

where (^A S) has rank q and A'B* is self-adjoint where A' is the matrix A with 
the first qo columns of A multiplied by 

Proof Define T : C^i C^? by 

T{V1, . . .,Vq„,Vgg + l, . . .,V2q) = (-I'l, . . . , -Vq„ , Vq„ + l , . . . , V2q) . 

Then using the definition of lu in lpn|l . it follows that 

w(ii, w) — uje{Tv, Tw) for all v,w E C^'' , 
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where we identify V with C^^ and a;_E is the standard Euchdean symplectic form 
on C'^i. Therefore, 

{c e I {A B) c = 0} is Lag. in (C29,w) 

^ {TccC^^{A B)c = 0} isLag. in (C^^cjb) 

^ {ceC2''|(^ B)Tc^Q] is Lag. in (C29,u;£;) 

^ {ceC29|(yl' 6)c = 0} isLag. in(C29,tjB), 

which holds, by Proposition l3.4l if and only if A'B* is self-adjoint. □ 

As seen in the formula of Proposition 13. II the Xi = —\ eigenvalues of 
and the — |; < Af < | eigenvalues of give rise to rather distinct components of 
domniax(A). For this reason, it is natural to separate Lagrangian subspaces of V 
into \i — components and — < < | components. With this discussion in 
mind, we call a Lagrangian subspace L (ZV decomposable L = Lq® Li where Lq 
is an arbitrary Lagrangian subspace of ®Xt=-i- ® ^7 ^^"^ -^i arbitrary 
Lagrangian subspace of 0_ i ^;^^,^3 E'^ E^^ . 

The characterization of all such io, Li follows from Proposition 

Corollary 3.6. The components Lq and Li of a decomposable Lagrangian L = 
Lq (B Li C V can be characterized by matrices (^Aq Bq) (with Aq and Bq Qq x go 
matrices) and (^Ai Bi) (with Ai and Bi qi x qi matrices) via 

Lo = {c e C^^" I (A So)c = 0} CC2««, 

and 

Li = {ce C^'i I (A 6i)c = 0}cC2«^ 
where the matrix [Ao So) has rank qq and AqBq = BqAq, and [Ai Bi) has rank 
qi andAiBl ^ BiAl- 

In the Introduction we discussed split-type Lagrangians. Here, we say that the 
Lagrangian Lq C ®x^^_i. E^(BEJ is of split-type if it can be written as ^x^^^i Lg 
with Lg a Lagrangian subspace of i?^ © E^ . In the following proposition, we 
characterize all such Lagrangians L^. 

Proposition 3.7. L C C'^ is Lagrangian if and only if L = Lg for some 9 G [0,7r) 
where 

Lg = {{x, y) eC'^ I cos 6* a: + sin 6* y = 0}. 

Proof. According to Proposition 13.41 we have L = {{x,y) E C'^ \ax + by = 0^ C 
C^, where a, 6 e C with ab = ab; that is, ab E M.. If 6 = 0, then Lg = 
{{x,y) EC^\l-x + 0-y = 0}, and we can take = 0. If 7^ 0, then multiply- 
ing aa: + 6j/ = 0by6we can write 

L = {(x.y) E \ abx + \b\^ y = 0} = {{x,y) E C' \ ax + py = 0} , 

where _ 



,Jiabr + im' ' ^{abr + im^' 



Note that a,f3 E R and -I- = 1. It follows that {a, (3) = (cos 6*, sin 6*) for 
some G R. If € (tt, 27r], then we can replace {a, (3) by {—a, —(3) to ensure that 
6 E [0,7r). This completes our proof. □ 
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4. The model problems 



For the rest of this paper, unless stated otherwise, we fix an arbitrary Lagrangian 
L in V . In this section we analyze the eigenvalue equation for the model problem. 

4.1. The model operator. In the last section we saw that only the eigenvalues 
of Ar in the interval [—\, |) are involved in the various self-adjoint extensions of 
A. For this reason, in this section as a first step to prove our main results we shall 
analyze the projection of 

1 . 

ar r 

onto the eigenspaces of Ap with eigenvalues in [— ^, |). Recall from Corollarv l3.5l 
with q ~ qo + qi, that the Lagrangian L can be identified with the null space of a 
qx2q matrix (^A S) of full rank with A and B qxq matrices such that A'B* is self- 
adjoint. Then writing Ar as a diagonal matrix with respect to its eigenfunctions 
with eigenvalues in [— |, |), we shall consider the operator 

£ 1 

C:= — — + —A over [0,R\, 



where i? > is arbitrary, but fixed, and A is the qxq matrix 



A 












<?o + l 






















































^qa+qi 



A = 



\ 

We put Dirichlet conditions at the right end r = i? of the interval [0, i?]. Then 
according to Proposition l3.1l we have 

Proposition 4.1. G Smaxj the maximal domain of C, if and only if (j){R) = 
and (j) has the following form: 



(4.1) (f> ^Ci{(t>) rhi + Cq+i{(t>) r5 logr Cfj 

£=1 

+ 5Z {'=90+^0) r^'^hq^+e + Cg+,o+£((/)) r- 
e=i 



wh 



■■= a/A 



J y ^'go+j + i > 0, ei is the column vector with 1 in the i-th slot and 's 
elsewhere, the Cj{(j)) 's are constants, and the 4> is continuously differentiable on [0, R\ 
such that 4>{r) = 0(ri) and ^'{r) ^ 0{ri) nearr = Q, and e L'^{[0, R],C'^). 

We dropped the factors yj^, which appear in the statement of Proposition l3.1l 
from the terms in (|4.1|l for (j). Then as a consequence of Theorem 13. 31 we know that 

£l:^l^ i'([0, i?], C«) is self-adjoint, Dl = { <^ e S)n,ax \$eL}, 

where has the form in H4.1() with (j) = (ci(0), C2(0), . . . , C2g(0))*. In terms of the 
matrices A and B, we can also write 

(4.2) 



{A B)$^0}. 
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4.2. Eigenvalue equation. To analyze the C-fimction of Cl, we derive an equation 
for tlie eigenvalues of Cl- For this, we first find solutions to the equation 

As the reader can easily check, this is just a system of Bessel equations as described 
in p. 362], whose solution (after judiciously choosing the constants for later 
convenience) can be taken to be of the form 

90 

(4.3) ^ |q (0) Jo{lJ-r) ei> + Cq+t{4>) Jo{lJ.r) e^j 

e.=i 

91 

+ ^ {2''^r(l + vt)c,,+,{ct)) ^-^^ J,,(/ir) e,„+^ 
t=i 

where Jv{z) denotes the Bessel function of the first kind and 

(4.4) Joifir) -.^^Yoifir)- {log^i-\og2 + j)Jo{fir), 

with Yo{z) the Bessel function of the second kind. For notational convenience let 

us introduce J+o(a*-R) = JaifJ-R) and J^q{ijlR) = Jq{^R). 
Define q x q matrices J^(fi), J-{^i) by 



J±(m) : = 



/.J±o(Mfl)W<jo ■•■ \ 

2±''ir(i ± i^i) M^"! J±„i (n-R) ■•■ 

■ • ■ 
0-0 

■•■ 2±'"!ir(i±^,j)M='='"'i J±„,j(Mfl)y 



In the following proposition, we determine an eigenvalue equation for the ^'s. 
Proposition 4.2. /i^ is an eigenvalue of Cl if and only if 

Proof. Imposing the Dirichlct condition at r = i? on of the form (|4.3|) , we obtain 
Ci{(f>) Joi^iR) + Cq+i{(f)) Jo{^J.R) = , £ =l,...,qo, 

and 

2''^r(l + iyi)cq,+ei^) /i-''V,,(Aii?) 

+ 2-'''r(l - iye)cq+q,+i{(j>) fi"' J_,, {^lR) = , £=l,...,qi. 
We can summarize these two equations as 

(4.5) (J+(/i) J-(/i))0 = O, 

where (f> = (ci((/)), C2 ((/>),... , C2q(^))*. Now recall that p. 360] 

(4.6) z "-^"W = E 2^'+2fefc!r(z; + fc + l) ^ 2-r(l + i-) V 4(1 + «) ' 
and 

(4.7) -Yo{z) = (logz - log2 + 7) Jo(^) - ^ (f^m ' 

k=l ^ 
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where Hk ■= I + ^ -\ hp Combining (|4.4|) . (|4.6|l with u = 0, and (|4.7|l . we get 

°° H (- 

(fc! 



(4.8) Jo(H = (logr) Jo(H - ^ - logr + 0(r). 



fc=i 

From (O, (021) and (O, it follows that 

90 



r^e^ + Cq+i{(j))r'^ logre^j 

£=1 

91 

+ ^[cqo+M)r''''^^eq„+i + Cq+q„+i{<l>)r~''' + ^eq„+t^ near r = 0. 



f=i 



In particular, by 1)4. 2|l . in satisfies B) (j) ^ 0, and therefore, in view of 
(|4.5|l. we conclude that 



= 0. 



For nontrivial 0, this equation can hold if and only if the matrix in front of (j) is 
singular. This completes our proof. □ 

4.3. Asymptotics of F{iJ.). In order to find relevant properties of the resolvent, 
the heat-trace and the C-function, we shall need the asymptotics of F{^) as \fj.\ — * oo. 

Proposition 4.3. Let T C C fee a sector (closed angle) in the right-half plane. 
Then as \x\ — > oo with x £ T , we have 

91 

(4.9) F{ix) - (27ri?)^5 ]^2-'^^r(l-i/j) xl^l-* 6*^-^(7 -log x)'"'x 

p((7-logx)"\x-i) (l + 0(x-i)), 
where 7 = log2 — 7, p{x,y) is given in (|2.1|) . 0{x^^) is a power series in x~^, and 

(4.10) ^\ogF{ix) ^ qR • 



dx x(loga; — 7) 

+ ^ .T-2C-i|£(^ _ \ogx)-'-' - 2^(7 - \ogx)-'} + 0{x-'), 

with the same meaning for 0{x~^) and where the ci^ 's are the constants in (|2.3|) . 

Proof. Using the identity [iz)'"" J^iiz) = z^"/i,(z), where Iv{z) is the modified 

f A B 

Bessel function of the first kind, we can write F(ix) — det 



where (we use the notation I±q{xR) = J±Q{ixR)) 



J+{ix) J-{ix) 



Jj^ {ix) — 



^/±o(a.i?,)Id,o ■■• 

2±''lr(l ± 1^1) i=f "l/j-„j{i^ii) ■■• 

■ ■ • 

0-0 

■■■ 2±''<!ir(l±;.,Ja:=f91/± 
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Factoring out 2 '^^r{l — Vj) x"^^ I-,j.{xR) from the (g + go + j)-th row of the matrix 
A B 



J+{ix) J-{ix) 



wc obtain 



(4.11) F{ix) = pWx^'I^^^ixR)^, 



A 



det Io{xR)ld 



qo 







A{x) 



B 

JoiixR) Idgo 



Id 



91 



where p = n?Li 2^'^^r(l - j/^) and 



A(x) = 



-21-1 "1 



/„, (xR) 



T2 a;" 



2(^2 ^^2 



with Tj = S^'^J r(i-l^^) ■ order to find the asymptotics of F{ix) in H4.11|l . we shaU 

determine the asymptotics of A(x) and then of Jo (a;). To determine the asymptotics 
of A{x), we recah (see p. 377]) that as z oo with z S T, we have 

: — + u{z ')) ^|i + ai 



(4.12) 



where o{^^^ is a power scries in ^ and where only w^'s occur in o{^^^ . In particular, 



as a; ^ oo with a; € T, we have j^*" 



1. Therefore, 



(4.13) 



A{x) 


















T2 a;" . 
















V 








a; 



To determine the asymptotics of Jo{ix), note that Jo{iz) = Iq{z) and 



'^og{^z) - log 2 + J)M^z) - £ jg^'^' 



A:=l 



(fc!)2 

' 1 ^2\k 



H ( 

;iogz + *f - log2 + 7)/o(^-) - E = W - ^oW' 



fe=i 



(fc!) 



where 



ifo(^) :=-(logz-log2 + 7)/o(z) + ^. ^ 



A;=l 



(fc!) 



n2 



is the modified Bessel function of the second kind. Thus, we can write 
Jo{ixR) = ^YQ{ixR) - (log(ix) - log 2 + 7) Jn{ixR) 

= i^IoixR) - R'oixR) - (i I + log a; - log 2 + 7) /o(a;i?) 
= -(logx~7)/o(a;i?)-Xo(a^i?)- 
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By P3 P- 378], Kq{x) is exponentially decaying as a; — > cx3 in T, so 

Jo{ixR) = —(log a; — ^)Iq{xR) — Kq{xR) ^ {j — \ogx)Io{xR). 
Summarizing our work so far. we see from H4.11() that 

F{tx) - px^''^Y[l^,^{xR)x 

i=i 

/A B 

det IoixR)ld,, (7-logx)/o(a:i?)Id,„ 
\ A{x) Idg, 

where p = HjLi 2"'^^r(l - i^j), = i^i ^ \-i^q^, and A{x) satisfies ^J^. Now 

factoring out (7 — loga;)/o(a;i?) from F(ix) and using the definition of p{x,y) in 
(|2.1|) (with "a;" replaced with (7 — logx)"^ and "y" replaced with x^^), we obtain 

91 

i^(ia;) - pxl'l J]/_,^.(xi?)/o(xi?)«" (7-logx)«>((7-loga;)"\:E-i). 
i=i 

In view of the asymptotics (|4.12|) for /„(z), we get 

/ \ 90+91 

F{ix) - p.tI'^II (27r)-3(2;i?)-3e^J^ J (7 -log a;)* x 

p((7-loga;)"\a;-i)(l + 0(a;-i)), 

which is equivalent to 
91 

F{ix) ~ {2nR)-i J|2~''^T(1 - ^-^Oa^''''"* e«"^-^ (7 - loga;)«° x 



p((7-loga-) (l + 0(x-i)), 



and the proof of our first asymptotic formula is complete. To prove our second 
formula, recall from 12. 2|) that 



p{x, y) = aj^ao (1 + ^ 6/C/3 X- y 



so that (with "a;" replaced with (7 — loga:)^^ and "y" replaced with x^^) 
F{ix) ~ const. X a;l''l-|-2"o ^qxR (~ _ i^gj-yo^jo ^ 



As in (|2.3|l . log (^1 + X] b^px^y'^^j — ^ a;^ j/^^ so taking the logarithm of F{ix) 
we see that 

logF(ia;) const. + qxR + (^v] - | - 2ao) log a: + (go - jo) log(7 - loga:)+ 

^c,^ (7-loga:)-^a;-2? + 0(:r-i), 
and taking the derivative of both sides completes our proof. □ 
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4.4. The log terms only case. Suppose that gi = so that the only eigenvalues 
of Ar in the critical interval [—j, |) are the — i eigenvalues. In this case, we shall 
denote A by Aq and B by Bq so that 



F{n) = dot 



f Ao ^ Bo 



Recall from Section fsee (|2.9ll ') the polynomial 

Po{z) := det J , where 7 = log 2 - 7, 

which is a polynomial in the complex variable z e C of degree at most go- Then we 
can write 

where the series is absolutely convergent for \z\ sufficiently large and where (3i = 
degpo- In tbe case that qi = 0, Proposition 14 . 31 can be written as follows. 

Proposition 4.4. Suppose that qi ~ and let T d C be a sector (closed angle) in 
the right-half plane. Then as \x\ — > 00 with x Cz T , we have 

(4.14) F{ix) - (27rxi?)-*e«°^-^po(logx) (l + ©(a;-^)) , 

where 0{x~^) is a power series in x~^ , and 

(^■1^) Tx - g ^ + - £ + 

where 0{x~'^) is a power series in x~^ starting from x~^. 

Proof. A direct application of H4.9|l in Proposition 14 . 31 with qi = gives 

F{ix) - {2ttxR)-^ e««^-^^ (7 - loga;)«>((7 - logx)"^) (l + 0{x-^)^ , 

where 0{x~^) is a power series in x~^ and 

^0 Bo 



p{x) := det 



By definition of po, we have (7 — loga;)*'p^(7 — logs) = po{logx). This proves 
(|4.14|l and then taking the logarithmic derivative of H4.14|l gives (|4.15f) . □ 

5. The zeta function for the model problems 

Working with the fixed Lagrangian L, we now analyze the zeta function of Cl, 
which by the Argument Principle ^1 p. 123] is given by 

where C is a contour in the plane shown in Figure ^ Here we used that /.(^ is an 
eigenvalue of £l if and only if is a zero of F{p,). By Proposition 14.31 the zeta 
function ({s,£l) is well-defined for 3?s > i. 
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Figure 1. The contour C for the zeta function. The x's represent 
the zeros of F{^). The squares of the x's on the imaginary axis 
represent the negative eigenvalues of Cl- Here, t is on the imagi- 
nary axis and \t\'^ is larger than the absolute value of the negative 
eigenvalue of Cl (if one exists). The contour Ct goes from t to —t. 



5.1. A basic lemma. In order to determine the exact structure of the analytic 
continuation of C(s,£i), we need the following fundamental result. 

Lemma 5.1. Let c be a constant and let \t\ be sufficiently large so that logx > c 
for X > \t\. Then for any k > we can write 



(5.1) / a;-2«-2«-i(c-loga;)^da; = ^. 



1*1 -o(- + ?)^'+^' 

modulo an entire function, where akj = (^1)*''(^) 2:^(~'')'^~"' ' ^.i^d for any k > 
we can write 

(5.2) / x-^'-^^-'(c-logx)-''dx=- — (s + e)^-ie-2(«+«)^log(s + ^) 

J\t\ (k-1)! 

modulo an entire function. 

Proof. Replacing s by s — ^, we can assume that ^ = from the start. To analyze 
the first integral we first expand (c — loga;)'^ using the binomial theorem: 

/•oo ^ / U\ 

/ x-^'-^c~\ogxfdx = Y{-^f\ \{-c^^'' / x~^'-^ {log xydx. 

J\t\ —"o vjy J\t\ 

Thus, we are left to prove that 

(5.3) / x-^'-^ (log xydx = ■ —— 

modulo an entire function. However, since the integral .t^^*^^ (log a;)^(ix is 
entire, we can assume that the lower limit of the integral in H5.3|l is 1. Now taking 
j derivatives of both sides of the equality x~'^'^~^dx ~ with respect to s, we 
obtain 

(-2)M x-^^-\\ogxydx^\^. 
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which proves l|5.3|l . 

To prove the second claim in this proposition, we make the change of variables 
y = 2s (log a; — c) ov x = e'^e^/'^^ , and obtain 

OO /"OO T 

\t\ J2sc y 

where C := log \t\ — c. Recall that the exponential integral is defined by (see ^ p. 
228] or |27| Sec. 8.2]) 

Therefore, 

(5.4) / x~^'-\c~logx) 'dx^ ^ > Eifc(2sC). 

J\t\ 

Also from P p. 229] or [13 p. 877], we have 

( \k—l '-^ ( 

^^^^^) = -^{~^o,^^m] - E (,_:Vi),! ' 

where '0(1) ^7 ^-^d '0(fc) ^7 + 7 ^o^' ^ > 1- Hence, 



Ei.(2.C)=C-^(^^{-log(2.C)+0(fc)}- £^ ^(^^^^TT)7!- 

Replacing this into (|5.4|) and simplifying, wc obtain 

r x-'^-' (c - log x) ' dx ^ P^^e-'- log s 
J\t\ 

modulo an entire function. This completes our proof. □ 

5.2. The C-function. Wc now prove the "model problem version" of Thcorcm l2.1l 
via the contour integration method jHEl OZl OH] • 

Proposition 5.2. Let L C V be an arbitrary Lagrangian suhspace of C^^ and 
define 3^ and I£ as in (|2.5|) from the matrices A and B defining L. Then the 
C,-function (^{s, Cl) extends from 3?s > ^ to a holomorphic function on C \ (—00, 0] . 
Moreover, (^{s,Cl) can be written in the form 

C(s, Cl) = Crcg(s, Cl) + Csing(s, Cl), 

where C,^cg{s, Cl) has the "regular" poles at the "usual" locations s ~ ^ — k for 
k G No, and where (sirig{s, Cl) has the following expansion: 

sin(7rs) r „ ^„-2.(log 2-7) A^s) 



Cs^ndsXL) = ^^|(jo-go)e-^^('°^^--)logs+ E 



+ E5«(«)log(s + 
where jo appears in ||23 and f^{s) and g^{s) are entire functions of s such that 
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and 



where the Cf^ 's are the coefficients in (|2.3() . 
Proof. With Figure ^ in mind, we write 

■O+ioo 



where Ct is the curvy part of C from t to — i, and second, using that 
we obtain the integral 

CisXL)^^ I ^Ji-^'^\ogF{^Ji)d^l 

= i - / (ix)-^"— log F{tx)dx+ / i-ix)-^'— log F{~ix)dx} 

2711 [ dx J\t\ dx ) 



1 



or, 



a formula that will be analyzed in a moment. The second integral here is over a 
bounded contour so is an entire function of s G C, so we are left to analyze the 
analytic properties of the first integral in H5.5|l . To do so, recall the asymptotics 
(|4.1U|I in Proposition which states that for a; ^ 00 we have 

(5.6) logFM ^ + ^i(^) + ^2(^) + G3(x), 

dx a;(ioga; — 7) 

where 7 = log 2 — 7, G^{x) is a power series in x~^ starting with the constant term 
Gi(^) E E -^"''"'{^(7 - \ogx)-'-' ~ 2C(7 - logx)-^}, 

and 

G2(^-) E E ^"'^"'{^(7 - logx)-^-i - 2^(7 - logx)-^}. 

Since 



sin(7rs) ^-2s-k , _ sin(7rs) x' 



-2s-fe+l 



|(| TT — 2s — fc + 1 



sin(7rs) |t| 



-2i5-fc+l 



x=\t\ ^ 2s + fc-l 



which has poles at s = for s ^ Z, it follows that 

sinfTTs) [°° T„ d „ , 
(5.7) — ^ / x-^'—logGz(ix)dx 
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will contribute to the function Qcg{si Cl) in the statement of this proposition. 
Setting ^ = and fc = 1 in equation H5.2|l in Lemma l5. II we see that 



r^-2s 90 -Jo 



/ltl 



-dx = -(go - jo)e ^"'^logs 



a;(log a; — 7) 

modulo an entire function, which gives us the first term in CsingCs, Cl). 

We now analyze x~^''G2{x) dx. To do so, we apply equation (|5.2|l term-by- 
term to 

/>oo 

/ x-^'G2{x)dx = 
J\t\ 

E - \ogx)-'-^ - 2^(7 - \ogx)-'}dx, 



'1*1 



and we see that, modulo an entire function 



/ x-'^G,{x) ^ E E { ^ + i°g(^ + 



^2' 



. g-2(s-(-4)7 



which can be written in the form gi,{s) log(.s + ^) where 



f>0 



From this explicit formula for g^{s), we see that 

where we recall that := niin{£ > | 7^ 0}. 

We now analyze x-^-'Gi{x) dx. With akj = (-1)'' {'^) Jrri-l)''^^ , from 
equation H5.1|l in Lemma l5. II we can write, modulo an entire function. 



(5.8) 



r ( E f £(7 - logx)-^-i - 2^(7 - loga;)-^}) dx 

J\t\ v,<o ^ V 

P{ := min{^ < I 7^ 0} =^ = max{ |£| | £ < and 7^ 0} 



£<o 

where 



and 



1^ l«l N 

£<0 j=0 j=0 ^ 
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is entire. It follows that 



/>oo 

/ x-^''Gi{x)dx = 
J\t\ 

^ ^ z-2«-i{£(7 - logx)-'-' - 2^(7 - logx)-'} 



1*1 c e<Q 

Moreover, from the above explicit formula for /^(s) we see that 

This completes our proof. □ 

5.3. The decomposable case. Suppose now that L ~ Lq (B Li is decomposable 
where as in Corollarv l3 . 61 Ln is given by go x qo matrices s^nd Bq and Li is given 
by qi X qi matrices Ai and Bi. Let us recall the polynomial Po{z) introduced in 
(|2.9|) in Section and consider the following result. 

Lemma 5.3. For \t\ sufficiently large so that pQ{logx) has no zeros for x > \t\, we 
can write 

r.-^^^.^-/(.)iog. 

J\t\ xpo[\ogx) 

modulo an entire function, where f{s) is the entire function given explicitly by 

(-2s)'^-i 



fis) = J2Pk- 



with the Pk 's the coefficients of the expansion of ^^|fy = ^'^ i|2.10|l 

Proof. Using the expansion — X^fcLi f^j can write 



poo / /I „ ^ ^ /" 

(5.9) / .--^^4^c^. = E/5j ^ n 

J|t| a;po(loga;) ^ a;(logx)'= 

To analyze this integral we put ^ = c = in formula H5.2(l from Lemma l5. II to see 

^-''^T^dx ^ -^^^ s'-' logs = -^-^^^ logs, 

\t\ 



a;(logx)'= (^-1)! 

modulo an entire function. Replacing this formula into (|5.9|l and simplifying, we 
obtain our result. □ 

Let us apply this theorem to the case when qQ = I. In this case, by Proposition 
13. 71 we have ~ cos 6 and Bq ~ sin 9 for an angle 9 G [0, tt), therefore 

/ \ 1 , / cos 6 sin 9 \ „ ^ ^ ■ n 

Po(-z) := det X I = — cost^ • z + 7 • cost/ — snit^. 



PL 



V 1 (7-^) 
Hence, with k := 7 — tan 9 ~ log 2 — 7 — tan 9, we have 

(5.10) Po(f)^ -cQsg ^1 _y 

Po{z) ~ cos9 ■ z + ^ ■ cos9 — sm9 z — 7 + tan 6' ^-^ 
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Thus, (3k = \ SO 

Therefore, Lemma [5 . HI reduces to 

Corollary 5.4. Suppose that qo ^ 1, qi ^ and 6 ^ ^. Then the coefficients Pk 
in the expansion are given by j3k = n^^^ . In particular, for \t\ sufficiently 

large so that p^ilogx) has no zeros for x > \t\, we can write 

x-^^P^>^^dx^-e-'^^\ogs 
|t| xpoilogx) 

modulo an entire function, where k = log 2 — 7 — tan0. 

From (|2.11|) and (|2.12|) in Section let us recall that the polynomial pi (y) has 
the expression 

where the /?'s are positive and 

(5.11) log(l+^5,y2/3)=^e,y2C, 

and let 3^ '-^ {£,\c^ ^ 0}. We now prove the model problem versions of Theorems 
lOandin 

Proposition 5.5. For an arbitrary decomposable Lagrangian L d V , the (^-function 
C{s,Cl) has the following form: 

C(s, Cl) = Crcg(s, Cl) + Csing(s, Cl) 

where Creg(s, ^) has the "regular" poles at the "usual" locations s = i — fc for k E Nq, 
and where Csing{s, Cl) has the following expansion: 

. I r \ sin(7rs) sin(7rs)^ /^(s) 



where f(s) is the entire function defined explicitly by f{s) = J2T=i ^ {t-iy, j 
and the f^{s)'s are entire functions such that /{(— — ~C{^ with the c^'s the 
coefficients in H5.11|l . 

Proof. Since L ^ Lq (B Li is decomposable, it follows that 

C(s,£l) = C(5,/:lo) + C(s,'ClJ, 

where Clq is the operator £l restricted to the —j eigenspaces of A and Cli is 
the operator £l restricted to the eigenspaces of ^ in (— i, |). From l|5.11|l . we can 
observe that = for any ^ and ^ = for the operator £l^. Hence, there are 
only terms Gi{x) with £ = and Gslx) in H5.6() . that is, 

, oo 

(5.12) ^ log F{ix) ^ J2 ^fc^"' + E -2ecc 

*;=0 

where c^'s are the coefficients in (|5.11(l . It follows from the proof of Proposition 
15.21 in particular, (j5.8() with £ = that 

C(s,ClJ = Crog(s,£Li) + Csing(s,/^Li) 
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where Crog(s,'CLi) has poles at s = | — fc for A: e No and 

where the f^{s)^s are entire functions of s such that f^{—£,) ~ — c^^^- 

Thus, it remains to analyze ^(s, Clo)- To do so, we follow the proof of Proposition 
15 .21 UP to equation H5.5() . for |i| ^ we can write 

C(s,£lo) = / a: —\ogFo{tx) dx 

modulo an entire function, where Fo(m) is the function defined in Proposition 
14.21 in the case that qi ^ 0, A = Aq, and B = Bq. By H4.15|l in Proposition l4.4l we 
have 

^loM^x)^J!^^^+Gix), 
ax xpo(logx) 

where G{x) is a power series in x^^ starting with a constant term. Just as we 

noticed in H5.7|) for G3(.t) (which has the same asymptoties as G{x)) in the proof of 

Proposition l4.4l the integral '^'"^^"■^ x~''^^G{ix) dx will contribute to the function 

Creg(sj'Cio) in the statement of this proposition. Finally, invoking Lemma 15.31 

x-^^^^dx log. 

modulo an entire function, where /(s) = X^feLi /3fc ^"(fc-i)! ' completes the proof. □ 

Corollary 15.41 implies 

Corollary 5.6. Suppose that go = 1, 9i = and 9 ^ ^. Then the zeta Junction 
C(s,A9) can he written in the form 

A N sin(7rs) _n„., , > / \ 

C(s,A(,) = 2^"logs + Ce(s), 

TT 

where k — log2 — 7 — tan(? anc? Ce(s) extends from 5Rs > i to a holomorphic function 
on C wit/i poZes at s = j — k for k G Nq- particular, <^(s, Ag) /ia,s s = as a 
logarithmic branch point. In the case that 9 ^ j, the (^-function C(s, Ag) has the 
properties o/Ce(s). 

The last statement for 6' = in Corollarv l5.6l follows from the results in jl9| . 

6. The resolvent and heat kernel for the model problems 

In this section we analyze the resolvent and heat kernel expansions for the model 
problems, which will be of great use for the general case. 

6.1. The resolvent. Using the new contour C shown in Figure |21 we see that 
if denote the eigenvalues of Cl, then by an application of the Argument 

Principle, we have 

2Tr(/:, + ^ 2f:-^ = ^ Jy+x^)-^l^logFi,)d,, 

where |xp is larger than the absolute value of the negative eigenvalues of £i (if 
one exists). The factor of 2 on the left hand side is a result of all eigenvalues being 
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Figure 2. The new contour C. 



enclosed twice. Using this formula we can express the trace of the resolvent in 
terms of F{ix) in the following important and remarkable theorem. 

Theorem 6.1. We have 

2xTr(CL+x^)~'^ = -^logFiix). 

ax 

for all complex x Cz C for which either (and hence both) sides make sense. 

Proof. Deforming the contour as in FigureOland using Cauchy's formula, we obtain 



2m 



1 



7 {^i.-ix){^l^ 

1 F'{ix) 1 



dn 



ix) Fifi) 
F'{-ix) i F'{ix) 



1 d 



logF(ia 



2ix F{ix) —2ix F{—ix) x F{ix) x dx 

where we used the fact that F{^) is an even function of /i. Indeed, to sec this observe 
that, by definition, F{^) is expressed in terms of /i"J_„(/xi?) with appropriate u's 
and the function Jq{^R), which are even functions by H4.4|) . I|4.6|) and H4.7|) . This 
proves that 2xTt{Cl + x^)~^ = ^logF(ix) at least when x is real and a; 0. 
However, by analytic continuation, both sides must still be equal for all complex x 
for which both sides are defined. □ 




X 




Figure 3. Deforming the contour C. 
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Remark 6.2. This theorem is really quite remarkable because it tells us how to im- 
mediately evaluate traces of resolvents from simply knowing an implicit eigenvalue 
equation! There are many applications of this theorem that will appear elsewhere. 

Using this theorem, we can now prove 

Proposition 6.3. Let L C V be an arbitrary Lagrangian subspace ofC'^'^ and let 
A C C 6e any sector (solid angle) not intersecting the positive real axis. Then as 
\X\ oo with A G A, we have 



Qq - Jo 



,^1 ,-A)(log(-A)-27) 

-^{E2V(-Ar^(27-log(-A))"'} 

where the coefficients are independent of L and the ci(^ 's are given in H2.3|l . 
Proof. By Proposition ^31 (see equation (|4.10(l 'l. we have 

, oo 



dx ^ a;(log.T-7) 



+ _ log x)-'-' - 2^(7 - log x)-' } 



for some coefficients bk that, by the proof of ProDOsition l4.3l are independent of L. 
Therefore, by Theorem 16. II we have 

oo 

2xTiiCL+x')-' ^ Y^bkX-' ' 



k=o x{logx-"f) 

+ x''^-'{£{j - logx)-'-' - 2^(7 - logx)-^}. 

Dividing by 2x and then setting x = (— A)^, with — (l/2)6fc_i we obtain 



,^1 (-A)(log(-A)-27) 

which is equivalent to our desired result. □ 

For decomposable L, wc have 

Proposition 6.4. Let A G C be any sector (solid angle) not intersecting the positive 
real axis. Then for an arbitrary decomposable Lagrangian L, as |A| oo with A S A 
we have 

oo 

Tr(/:i-A)-i^^afe(-A)-^ 
fc=i 



(log(-A))^ 



where the Ok coefficients are independent of L, the c^ 's are the coefficients in (|2.12(l 
and the Pk 's are the coefficients in H2.10|l . 
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Proof. Since L ^ Lq O Li is decomposable, it follows that 

where £lq is the operator Cl restricted to the — | eigenspaces of A and £li is the 
operator £l restricted to the eigenspaces of A in (— |, |). For the operator 
recall equation (|5.12|) . 

, oo 

— logFitx) ~ ^6fcX-'^- + ^-2Cc5X-2«-i. 

k=Q 

Combining this with Theorem 16. II we have 

where the c?^ coefficients are independent of Li and the c^'s are the coefficients in 
(|2.12|l or H5.11|l . Let -Fb(^) denote the function in Proposition 14 . 21 in the case 
that qi = 0, A = Ao, and B = Bq where (^o •So) defines Lq. Then just as in the 
proof of Proposition 1^21 in conjunction with Proposition ^31 (see ()4.15|l ^: 



7 OO ^ OO 



where the /3fe's are the coefficients in H2.1Uf) . using again Theorem 16. II we obtain 



Tr(£i„ - A)-i ^ J2M-\)-i + 



k=l 



-{ (log(-A))* 



Combining this with Tr(£Li ^ A) ^ analyzed just before completes our proof. □ 

6.2. The heat kernel. Now we consider the asymptotics of the trace of e^*'^^ as 
t ^ 0. For this, we use 

(6.1) Tr(e-*^^) = — / e~'^ Tt^Cl - \)-^dX 

27r Jc^ 

where Ch is a counter-clockwise contour in the plane surrounding eigenvalues of 
£l', see Figure 01 Then the small-time asymptotics of the heat trace is determined 
by the large-spectral parameter asymptotics of Tt^Cl — A)~^ as we will see in the 
following proposition. 
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Proposition 6.5. For an arbitrary Lagrangian subspace L C C^*, as t ^ we 
have 



oo 

Tr(e-*^-) ^ ^S,t^ +^6fc(logt)-i-^- 

fe=0 k=0 

|Pil + i oo 
+ E E ^5fc t^ilogt)" + 5m (^og*)" 

k=0 ^eSfk=0 

with Cio = and c^dp^i+i) = for ^ ^ Nq. 
Proof. By Proposition 16.31 we have 



(6.2) Tr(/:L -A)-i ^ ^a,(-A)- 



90 -.?o 



fe=i 



(-A)(log(-A)-27) 



A|^2^e,,(-Ar^(27-log(-A))"'| 



as |A| ^ cxD with A in a sector not intersecting the positive real axis. We use 

for each term on the right hand side. For the first term, making the change of 

variables A i-^ i^^A, 

Ch ^tCh 

The integral part depends on t via tCh, but is smooth at t = 0. Hence, the first 
part contributes 



(6.3) ^al.r 



A:=0 

For the third term on the right hand side of (|6.2() . using integration by parts, we 
have 



Ch 



dX 



(-A)-«(27-log(-A)) 'I dX 



I e-*M (-A)-«(27-log(-A))" UA. 



Deforming Ch to the real line, we find 

t I e"*^|(-A)-«(27-log(-A))"'| dX 

= t(( e-*^(-(a; + iO))-«(27-log(-(a; + iO))) ^ dx 

+ /"«-(-(.-«))-(2,-i„g(-(.-,0)))-'.. + M«)) 

/ r°° / \ 

= ti^e-"^ J e~*''x-^[2^-\ogx-iTTj dx 



I e"*^a;"^ (2-f - log a; + iir^ dx + h{t)^ , 
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where h{t) is a smooth function at i = 0. Since for any complex number z we have 
i{z — z) ~ —232, we see that modulo a term that is a smooth function of t at t = 0, 

i L '"'tx - '°^<-^>) 'V'^ • 

where 

oo 

(6.4) i{t) = e-*'^^ / e-*^a;-« (27 - log a; - in)''^ dx; 



we shall compute the asymptotics of £{t) as i ^ 0. To do so, let j > £^ > j — 1, 
j G No; observe that the j-th derivative (t) of l{t) is given by 

00 

= e-'^'^i-iy [ e-*'^a;^-« (27 - log.T - i-K)''^ dx. 



Note that x^ ^ ■ (27 — log a; — in) ^ is integrable near a; = 0, so we can write 
with 

fit) := [ e"*^ x^-^ (27 - logx - i7r)"^ dx 



and 

1 

g{t) = ^ J ^ ^'^ ^^^^ logx- itt)'^ dx. 



Note that is smooth at t = 0. We will now determine the asymptotics of f{t) 
near t = 0. To this end, we make the change of variables x 1— > t~^x: 

00 

f{t) = t^-^-^ j e"^ x^-^ (27 - logo; + logt - in)^^ dx . 


We need to consider two cases; £ < and ^ > Q. For £ < we use the binomial 
expansion to find 



f{t) ^ i«-^"-^E('f)(iogoi^i-^ r 

fc=0 ^ ■'^ 



e ^ x^ ^ (27 — logo; — ztt) 



fc=0 

with suitable coefficients Ck.i- For £ > we first write 



/(t)=t«--(logt)- /e-x^^^ (l- '^'^ll^r'" ) 
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Since (1 — r)^^ = X^^o + r'^+-'^(l — r)^^ for any G N, we see that for any 

iv e N, 

k=0 k=0 ^ ' 

For f{t) this imphes 

fit) = t^-^-\logt)-^ akA'^ogt)-'' x^-^ {logx + in~2^fdx + 

k=0 







, n J /I log x-\-i7r—2-f \ 

^ Kit 



k=0 



The last integral is bounded as t ^ 0; as iV e N was arbitrary, we conclude for 
£ > 

OO 

k=0 

In summary: for £ < we have shown 

/ 1^1 OO 

(6.5) f^\t) ^ e~"^ t«-J"-i^C4,,,,(logt)'^ +^7^,;.,, t 



k=0 k=Q 



while for £ > 0, we found 

/ OO OO 

(6.6) £«(t) ^ e-*^« t«-^"-i ^S5,fe,Klogt)-'=-^ + E^^^'fc-^ * 



In order to find the small-t asymptotics of £{t) we need to integrate j times. Using 
[7f| . equation 2.722, 



..k. , ,^ . , , ,^(l0gt) 



t"(logO"dt = -y(-l)'=^(m + l)-m---(m-fc + l) 

TO + 1 -"^^ 



ni~k 



k=0 



(n + l)'=+i 



for n 7^ —1, TO 7^ —1, and equation 2.724, in the form 

r _ TO /■ 



i (logt)'" (n+l)(logi)" n + lj (logi)"'+i 

for n 7^ —1, TO 7^ 0, in addition 

J t-^ilogt)-Ut^log\\ogt\ , j t-^{\ogt)-^-^dt^-^{\ogt)-^ iov k^Q, 
we obtain for £ < 0, ^ ^ No, that 

Kl OO 

fc=0 k=0 

whereas for ^ S Ng the first summation extends up to |Z| + 1 and Cj q ^ = 0. 
For I > the answer reads 

OO OO 

(6.8) m)-ti-'Y.^i,kA^ogt)-'^-'+Y,%,,^,t\ 

k=0 k=0 
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Contributions from the second term in l)6.2|l are found from H6.8|l with ^ = 1 and 
£=1, 

OO OO 

(6.9) J^^kilogt)-"-^ +Y,%t^ 

k=0 k=0 

Combining H6.7|l . (|6.8|l and (|6.9|l completes the proof. □ 

Using Proposition 16.41 and repeating the proof of Proposition 1^31 we have 

Proposition 6.6. For an arbitrary decomposable Lagrangian L, the heat kernel 
g-tCL i^^g ff^g following trace expansion as t — > 0; 

oo oo 

Tr(e-*^-) ~ ^afct"^ + ^ i« + ^ dfc(logt)-^ 

k=0 {65^ k=l 

7. Proofs of the main theorems 
We now prove our main results starting with the resolvent expansion. 

7.1. The resolvent expansion — Theorems 12.51 and 12. 6L We work under 
the assumptions of Theorem 12.51 so A C C denotes a sector not intersecting the 
positive real axis and L <Z V denotes a given, but arbitrary, Lagrangian subspace 
of V . We cut the manifold M at the hypersurface ?- = i? in the collar [0, e)r x P 
with < i? < e, giving a decomposition 

A/ = X u y, 

where X = [0, B]r x P and y is a manifold with a collared neighborhood [i?, e)r x P 
near its boundary, which we identify with P. Let Ay denote the restriction of A 
to Y with the Dirichlct condition at r = i? and let Ax.l denote the restriction of 
A to X: 

Aa-.l := -dl + -^Ar 

with domain the restriction of dom(AL) to X and with the Dirichlet condition at 
r = R. It is well-known that the Schwartz kernel of the resolvent (Ay — A)^^(y, y'), 
where (y, y') £Y x y, is a smooth function of {y, y') and vanishes to infinite order 
as |A| oo with A € A as long as y ^ y' (see for instance In the following 

lemma we prove a similar statement for the operator Ax,l on the generalized cone. 

Lemma 7.1. If ip,ijj G C'°^'{X) have disjoint supports, then for any differential 
operator P that vanishes near dM , the operator 

^PiAx,L - A)-V 

is a trace-class operator that vanishes, with all derivatives, to infinite order (in the 
trace-class norm) as \X\ oo with A € A. 

Proof. If we prove this theorem for tIj{Ax,l — A)^^P*^, then taking adjoints we 
get our theorem. Hence, we just have to prove the corresponding statement for 
ip{Ax,L — X)~^Pip, where Ptp is the operator / i— > P{tpf). We prove this lemma 
using the heat kernel e"*^^-^ , whose structure is found in [S3]. To this end, observe 
that 

(Ax.L-A)-i= / e*^e-*^-'-di + p/(Ax.L-A)-ie-^-.^ 
Jo 
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Then 

(7.1) (^(Ax.L - A)"1PV = / e*^ ipe-*'^'-<-^Piljdt + e^ipiAx,L - Xr^e~'^''-^Pip. 

Jo 

Assume for the moment that A C C is contained entirely in the left-half plane (so 
that 5ftA — *■ — oo as |A| — > oo with A G A). Now, the operator e~^^'^P is of trace- 
class and (Ax.L — A)^^ is a bounded operator which decays like |A|~^ as |A| — ^ oo 
with A e A. Therefore, since the trace-class operators form an ideal within the 
bounded operators, the operator 

(Ax,L-A)-ie-^-.-P 

is of trace-class and it decays like |A|~^ as |A| oo with A G A. Hence, 

decays exponentially, with all derivatives, in the trace-class operators as |A| —^ oo 
with A G A (recall that SRA — > — oo as |A| oo with A G A). Therefore, the second 
operator in 1)7. l|l decays exponentially in the trace-class operators as |A| — *■ oo with 
A G A. By the main theorem of [55] (see also Theorem 4.1 of loc. cit.), since the 
supports of (p and P-ip arc disjoint, it follows that the operator 

is a trace-class operator that vanishes to infinite order at t = (within the trace- 
class operators). Therefore, the operator e*"^ tpe~*^^''^ Ptl^ dt in (|7.1(l decays ex- 
ponentially, with all derivatives, in the trace-class operators as |A| — > oo with A G A. 

Summarizing: We have proved our theorem when A C C is contained entirely 
in the left-half plane (so that 5RA ^ — oo as |A| — > oo with A G A). Our proof is 
finished once wc finish the cases when A C C is contained entirely in the upper-half 
plane and lower-half plane; for concreteness, let us focus on the upper-half plane. 
Then we can fix a complex number a G C with positive real part (and positive 
imaginary part) such that a • A C C is entirely contained in the left-half plane. 
Then one can construct the heat kernel e"*°^^-^ (cf. (22 P- 282-284]) which has 
the same trace-class properties as e~*^^-^ as described in |55l Th. 4.1]. Now we 
proceed as above: Just as we wrote H7.1|l . one can check that 
(7.2) 

<^(Ax,L - A)-1PV' = a / e*^(/?e-*°'^^-^PV'dt + e"^v3(Ax,L - A)-ie-'''^^'^P?/'. 

By the choice of a, note that as |A| — > oo with A G A, we have 5R(aA) — oo as 
|A| — > oo with A G A. Therefore, analyzing H7.2|l by repeating the argument we 
used in the previous paragraph to analyze (|7.1|l proves our lemma in the case when 
A C C is contained entirely in the upper-half plane. □ 

Let us fix < a < R and R < b < e, and define 

Mo := [a, b] x T, Mi := [a, R] x T, Ah := [R, b] x T. 

For j = 0,1,2, let Aj denote the Laplacian on Mj with the Dirichlet boundary 
condition at the boundaries of Mj ; see Figure \E\ The importance of the opera- 
tors Ao,Ai,A2 is that they arc smooth (not singular) Laplace- type operators on 
compact manifolds with boundary with local boundary conditions, the properties 
of which arc completely understood IM] . The idea to prove Theorem 12.51 is to 
compare the resolvents on M, X, and Y to those on Mq, Mi, and M2. 
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Ao 




Figure 5. The maps Aq, Ai, A2. 



Lemma 7.2. The differences of resolvents 

S{\) (Al - A)-i - (Ax,L - A)-i - (Ay - X)-^- 

((Ao - A)-i - (Ai - - (A2 - A)-i) 

is trace-class and vanishes, with all derivatives, to infinite order (in the trace-class 
norm) as |A| —> 00 with A G A. 

Proof. Let p(r) G C°°(K) be a non-decreasing function such that Q{r) = for 
r < 1/4 and p(r) = 1 for r > 3/4. For real numbers a < /3, we define ga,/3(7') := 

■ The main properties of Qa^p we will use below are that = on a 

neighborhood of {r < a} and ga.p{r) = 1 on a neighborhood of {r > f3}. Let us 
choose real numbers ai, 02, &i, 62 such that 

a < ai < 02 < -R < foi < ^2 < ^• 

We define 

tpi{r) -.= 1- Qai,a2{'r), ip2{r) ■■= QbiMir) , tpoir) ■■=l-'tlJi{r) -ip2{r), 

and 

ifii{r) := 1 - Qa^^Rir) , Lp2{r) := (r) , (po(r) := 1 - Qa^ad^) - Qb2,bi'^)- 

The functions {ipi}, {^i} extend either by or 1 to define smooth functions on 
all of M and {ipi} forms a partition of unity of M such that 1^9^ = 1 on supp(V'i)- 
Now to prove this lemma, we first claim that each of the following equalities holds 
modulo a trace-class operator vanishing to infinite order as |A| —f 00 with A G A: 

(7.3) (Ax,L - A)-i = M^x,L - A)-Vji + M^i - A)"Vo, 

(Ay - A)-l = ^o(A2 - A)^Vo + <P2(Ay - A)-V2. 

For instance, let us verify the first claim in (|7.3|l : the other claims are verified using 
a similar argument. Define 

g(A) := v'i(Ax,L - X)'H'i + Vo(Ao - A)-Vo + V'2(Ay - A)-V2. 
Then observe that (A^ - \)Q{X) = Id + A' (A) where 

K{\) = [{Al - A), ^i]{Ax,L - A)^Vi 

+ [(Al - A), (^o](Ao - A)- V^o + [(Al - A), (^2](Ay - A)" V2, 
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where [ , ] denotes the "commutator" . Now, because the supports of 

[{Al - A), VP.] = - [dl = + 2^' dr) 

and ipi s-re disjoint, it follows that each of the three operators making up A'(A) is 
trace-class and vanishes to infinite order (in the trace-class norm) as |A| — )■ oo with 
A € A; indeed, this statement for [(A^ — A), ipi]{Ax,L — ^)~^'>pi follows from Lemma 
17.11 and the statements for [(A^ — X),(po]{Ao — A)^"'^Vo and [(A^ — X),(P2]{Ay — 
A)~^V-'2 ai'c well-known (see e.g. [M]). Therefore, K{X) is trace-class and vanishes 
to infinite order (in the trace-class norm) as |A| — > oo with A € A. Now applying 
{Al - A)-i to both sides of (Al - A)Q(A) ^ld + K{X), we obtain 

{Al - A)-i = Q(A) - {Al - X)-'K{X), 

which establishes our claim for the first equality in 1)7.3(1 . A similar argument works 
to prove that the other equalities in 1(7.3(1 hold modulo trace-class with infinite decay 
(with all derivatives as |A| ^ oo with A G A). From ((7.3(1 . it follows that modulo 
trace-class with infinite decay, 

(7.4) (Al - A)-i - {Ax.L - X)-^ - {Ay - X)-^ 

= (po(Ao - A)"Vo - ¥'o(Ai - A)"Vo - Va{A2 - A)"Vo- 

On the other hand, very similar arguments used to establish ((7.3() show that 
modulo trace-class with infinite decay, 

(Ao - A)-i = 99i(Ai - A)-V^i + <^o(Ao - A)-Vjo + ^2(^2 - A)-V2, 

(Al - A)-i = <^i(Ai - A)-V^i + M^i - A)"V^o, 

(A2 - A)-i = (/Jo(A2 - A)-Vo + V2(A2 - A)-V2. 

Combining these identities we can write, modulo trace-class with infinite decay, 

(Ao-A)-i-(Ai-A)-i-(A2-A)-i 

= V3o(Ao - A)~Vo - </5o(Ai - A)"V-'o '^o(A2 - A)"Vo- 
Comparing this with ((7.4(1 completes the proof of our lemma. □ 

Using our standard notation, let {A^} denote the set of all eigenvalues of and 
let Ei denote the span of the A^-th eigenvector. Let H and 11^ denote, respectively, 
the orthogonal projections of L^{T, Er) onto W := ^_i^Xi<^ ^^'^ . Using 
the isometry between 

l2([o, r\ X r, £;) - l2([o, i?], L2(r, e^)) 

where E^ := i5|r, we obtain the corresponding projections on i^([0, i?] x F, i?), 
which we denote by the same notations 11 and H-'-. Let Cl denote the model 
operator introduced in Section 0] (specifically. Section 1^)) . and define 

^x:--dl^\^.. where J "^^"^ ^^J, . 

Mr over W 

Proposition 7.3. We have 

{Al - A)-i = n{CL - xy^u + ii^{A'x - A)-in^ + (Ay - A)-i+ 

(Ao - A)-i - (Al - A)-i - (A2 - A)-i + 5(A) 
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where S{\) is trace-class and vanishes, with all derivatives, to infinite order as 
|A| — > oo with A e A. 

Proof. Observe that 

{Ax,L - A)-i = n{Axx - A)-in + n^{Ax,L - A)-in^, 

since Ax,l preserves W and W-^, and 

n{Ax,L ~ A)-in = n(£i - xy'u. 

Also observe that 

n^(Ax,L - A)-in^ = n^(A:^ - xy'u^. 

Hence, 

{Axx - A)-i = U{Cl - A)-in + U^iA'x ~ Xy^U^. 
Now solving for (A^ — A)^^ in Lemma [7. 21 we obtain 

{Al - A)-i = (Ax,L - A)-i + (Ay - A)-i + 

(Ao - A)-i - (Al - A)-i - (A2 - A)-i + 5(A) 

= n(/:i - A)-in + n^{A'x - Aj-^n^ + (Ay - x)-^+ 

(Ao - A)-i - (Al - A)-i - (A2 - A)-i + 5(A) 

where 5(A) is trace-class and vanishes, with all derivatives, to infinite order as 
|A| ^ oo with A e A. This completes our proof. □ 

We can now prove Theorem 12.51 Let N > ^ with n = dim A/. Then taking N 
derivatives of both sides of the preceding equality we see that 

(7.5) (Al - A)-^-i = n{CL - xy^-^u + n^(A^ - A)-"-in^ 

+ (Ay - A)-^-i + (Ao - A)-^-i - (Al - A)-~-i 

-(A2-A)-^-i+5W(A), 

where 5^^-' (A) = ^^^^(A). We now analyze each term on the right. First, taking 
N derivatives in the asymptotic expression of Proposition 16.31 wc know that as 
|A| — > oo with A S A we have 



-|^2^c,e(-A)-«(27-log(-A) 



k=0 

1 



iV! dX^ 

It follows from |49| that the operator n-'-(A^ — A)^^^^n-'' is trace-class and 

oo 

(7.7) Tr(n^(A^ - A)-^-in^) - ^ {-X)^~^-^ + b (-A)"^"! log(-A); 

fe=0 

in principle (see |52l Ch. 7]), one can derive this resolvent expansion with a lot of 
work from the corresponding heat kernel expansion |51I^ I12[I13 |. From the work of 
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Seeley [^1], we also know that each of (A^ — A) ^ ^, where Z = Y,0, 1, 2, is trace 
class, and 



oo 



(7.8) Tr((Az-A)-^-i) ^ ^ cz,, (-A)^-^-^ 

Finally, we know that 5^^-' (A) is trace-class and vanishes, with all derivatives, to 
infinite order as |A| — > oo with A G A. In conclusion, in view of the expression 
(|7.5(l and our discussions around H7.6|l . I|7.7|l and l|7.8|l . we see that (A^ - A)^^^^ 
is trace-class, and 



Tr(Ai - A)-^-i ~ ^ a, (-A)^-^-i + b (-A)-^-i log(-A) 

k=Q 

1 ( go - jo 



m dX^ [(-A)(log(-A)-27) 
1 d^+ 



'-i^Yl 2'c^« (-A)-« (27 - log(-A)) ''|. 



m dA^+i 

This completes the proof of Theorem 12. 51 Theorem 12.61 is established by replacing 
the trace expansion (|7.t)|) with the trace expansion found in Proposition 16.41 

7.2. Proofs of Theorems 12.11 12.31 12 .41 Wc now prove the ^-function theorem. 
We start off with Proposition [Ql which states that 

(Ai - A)-i = n{CL - A)-in + n^(A;^ - xy^n^ + (Ay - x)-^+ 

(Ao - A)-i - (Ai - A)-i - (A2 - A)-i + 5(A) 

where 5(A) is trace-class and vanishes, with all derivatives, to infinite order as 
|A| — > cx) with A G A. Therefore, by the definition of the ^-function: 

C(s, Al) Tr(A^^Po^) , Tr(A^^Po^) = ^ A^'' + / A-^^A^ - Xy^dX, 

where Pq is the orthogonal projection onto ker Al and (5 > is any positive number 
sufficiently small so that the spectrum of Al intersected with (0, i5] is empty, it 
follows that 

(7.9) Cis, Al) = C(s, Cl) + ({s, A'^) + C(s, Ay) + C(s, Ao) - C(s, AO - C(s, A2) 

modulo an entire function. The ^-function (^(s, Cl) is studied thoroughly in Propo- 
sition Also, by the standard relation between the asymptotics of the resolvent 
and the poles of the ^-function (see e.g. [SJ) it follows from the resolvent expan- 
sions (|72|) and ijTSll that C(s, A^), C(s, Ay), C(s, Aq), C(s, ^i), and C(s, A2) have 
the "regular" poles at the "usual" locations s — 2^ ^ — Nq for fc € No and, only 
for C(s, A^), at s = if dimP > 0. These facts together with Proposition IS . 2l prove 
Theorem l2.1l Note that Theorems 12.31 and 12 . 41 follow from applying Proposition IS. 51 
and Corollary EH to C,{s,Cl) in GSJ. 

7.3. Proof of Theorems [O and [OJ Finally, it remains to prove the heat 
expansion. As with the proof for the ^-function, wc start off with Proposition 

(Ai - A)-i = n{CL - x)-^n + n^(A;^- - xy^n^ + (Ay - xy^+ 

(Ao - A)-^ - (Al - A)-i - (A2 - A)-i + 5(A) 
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where 5(A) is trace-class and vanishes, with all derivatives, to infinite order as 
|A| ^ oo with A e A. Then by the definition of the heat operator: 

where Ch is a contour as in Figure 01 it follows that 

where T{t) is trace-class and smooth at t = 0. Hence, 

Tr(e-*'^^) = Tr(e-*^^) + Tr(e-*'^'^) + Tr(e-*'^^) 

+ Tr(e-''^") - Tr(e-*'^i) - Tr(e-*'^^) 

modulo a function that is smooth at t = 0. The heat trace Tr(e~*'''^) is studied 
thoroughly in Proposition 16.51 and for decomposable Lagrangians in Proposition 
16.61 Also, by the standard relation between the asymptotics of the resolvent and 
the heat trace expansion (see e.g. |3J or Section I6.2|l it follows from the resol- 
vent expansions l|77|) and ||73J) that Tr(e-*^^), Tr(e-*'^^), Tr(e-*^«), Tr(e-*'^i) 
and Tr(e^*'^^) have the "regular" expansion except that Tr(e^*'^^) may have a 
\ogt term if dimP > 0. These facts together with Propositions 16.51 and 16.61 prove 
Theorems EZI and ITHl 
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